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Diagramatic method for calculating transport coefficients (3)

® In presence of viscosities, the energy-momentum tensor of the fluid is modified. To
first order in gradients,

2 / fluid velocity
1i; = sz] + 1) (82[]] + 8JUZ + gémv : U> — C5ZJV U . (local rest frame)

. <

pressure shear viscosity \ bulk viscosity thermodynamic force

thermodynamic force

® In Linear Response Theory (LRT):

1 9, 0 1 B 0
0 ¢°—0+ [g|—0+ dq" 2 ¢0—0+ |g|—0+ dq"

with
pn(q°,q) = 2Tmi / d*z e ?(t)([i;(x), 77 (0)]) ,  pe(q’,q) = 2Imi / d*z e"*9(t)([P(x), P(0)]) .

pressure energy density

where 7y, =Ty — g5 T4 /3, P=-T4/3—v2To — pNY .

some conserved charge

g, = diag (+, —, —, —) speed of sound in the fluid



Diagramatic method for calculating transport coefficients (4)

® Consider for instance A¢*: to one-loop order,

P+Q Jeon, PRD 52,3591 (1995)
T
N f ! q\

0 dressed lines

particle width

if I’q is small

* Particle width: '~ Im 4@— ~ \?

® Therefore, in A\p* a resummation is necessary:

(ladder diagram) (bubble diagram)



Chiral Perturbation Theory (ChPT) (5)

We're interested in the (non-perturbative) low-energy regime of QCD, i.e. £ < 1 GeV
and 7" < 200 MeV. There, chiral symmetry is spontaneously broken:

Y = SUB3)L x SUB)R = SUB)v x SU3)a — SU3)y

In that regime, the degrees of freedom are the corresponding Goldstone bosons:
pions, kaons and etas.

Chiral symmetry acts non-linearly on the Goldstone bosons:  U(z) 2 RU (z)L!

/ Gell-Mann matrices \ \
¢($>) Cand  ¢(x ZAG% cSU@R o Ok
0

\ Goldstone bosons

= V, = 1fabcPc 9 ﬁl? — Ya '
[ Qa ¢b] f b ¢ [ ¢b] g b(¢)\ a non-linear function

ChPT lagrangian: The most general expansion in terms of derivatives of the field
U(x) and masses that fulfills all the symmetries of QCD:

with U(z) = exp <i

Lowpr = Lo+ L4+ L+ ... (infinite # of terms)




ChPT: lagrangians (6)

® Leading order:

Fg Fy T T
Lo =~ Tr{(V,U)(VFU)'} + = Te{xU" + UxT}

® Next-to-leading order:

2

Ly =Ly (Te{(V O)(V*U)'}) + Ly Te{(V,U)(V,U)} Te{(V*U)(V*U)T}
+ L3 Te{(V, U)(VFO)Y(V,U)(V'U)} + Ly Te{(V,U) (VRO Y Te{xUT + Ux'}
+ Ls Te{(V,U)(V*U) T (xUT + Ux)} + L (Te{xUT + Ux'})"
+ L7 (Te{xU" — UXT})2+L8T1~{UXTUXT+XUTXUT}
— 1Ly Te{ £}, (VFU)(V'U)' + fo, (VFU)(VIU)} + Lo Te{U f,, UT R
FH TR R A+ SR )+ B Triod )

The constants F(), BQ, Ll, LQ, Lg, L4, L5, L6, L7, Lg, Lg, Ll(), Hl, H2 are energy-
and temperture-independent, and are determined experimentally.



ChPT: power counting

® Dimension, D, of a Feynman diagram:

. pi > 1p; 2 D
_ 1 . : — ‘ .
Re-scaling { - 2. =  M(tp;, t“mqy) =t~ M(p;, mq)

\ amplitude of the diagram
® Weinberg’s theorem:

D2+2Nn(n2)+2L\ bg., >2<>2< = O(p")

number of loops p=E,|p|,T,M

number of vertices from L,

Perturbation theory with respect to the scales: A, ~ 1 GeV (for momenta), Ay ~
200 MeV (for temperatures).



Diagramatic analysis in ChPT

' G Nicol DFF, PRD 73, 045025 (2 .
® Ladder diagrams: omez Nicola & DFF, PRD 73, 045025 (2006)

lines with I' = 0. These loops

(rungs) give a perturbative ( O(X’ny)
contribution ~ X . ’
forl' < M, _
< It T > M., X ~ 1, deriva-
0t gt O(Xyn+1)y tive vertices start to domi-
|  forT~ M, nate = a large number of
diagrams become impor-
If we only consider constant vertices: each pair of lines with I" = O\ tant.
M 1/ M. \?2 and equal momentum give a
I'< M, Y~ Tﬁ , X~ v (47112: ) pinching pole contribution
V2 \ > Y J
T ~M., Y~1, XS( W), pion decay O
4 F,
constant
® Bubble diagrams: Weinberg’'s theorem does not provide
o the (non-perturbative) right order for

TC atlow T: O(p*") > O(p*™).
=0BYXx" 1)

C’\ In principle, for low T, the leading
order is a one-loop diagram.

contribution from a
simple bubble ~ Y




Thermal width in ChPT

® Pion thermal width:

. L 1 d3 ks
. _ —BE2
Dilute gas approximation:  I'(k1) = 5/ (2m)3 e OrnUrel(1 — 01 - V2)
Scattering cross section: o (s) =~ — [|too(s)]* + 9]t11(s)|* + 5lt20(s)]?] -

3 \7\/

here we can introduce the effect of resonances and medium evolution thereof

® ChPT violates the unitarity condition for high p: STS = 1 = Imt;;(s) = o(s)|trs(s)|?,
with o(s) = /1 — 4M2/s.

Because partial waves are essentially polynomials in p: t;;(s) = t&l)( )+t<2>( )+0(s°).

® The Inverse Amplitude Method (IAM):  Gomez Nicola & Pelaez, PRD 65, 054009 (2002).

75(1)( ) It verifies the unitarity
try(s) =~ ) 0 > condition exactly and re-
L— (s T) /15 (s) produces resonant states.




Behavior of the o and p resonances 1in medium

@ Finite temperature:
Herruzo, Gomez Nicola, & DFF,

T ttew) ] (Mev) / | PRD 76, 085020 (2007).
o T = 250 MeV
=or 1 For an improved study of
ol T — 200 MeV | 7 temperature and nuclear
=0 T 7= 200 Mey | density effects for the o
a0o] ol using the Bethe-Salpeter

T = 250 MeV 7 eg. see

200 - b 100 - T: 0 ] G

Cabrera, Gomez Nicola, &
o @ | T | DFF, EPJC 61 879 (2009).
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M (MeV) M (MeV)
@ Finite nuclear density:
2M,
: : . _F/Q (MeV) bound state 2M7r
We can encode approximately nuclear density effects into F;: :
e Thorsson & Wirzba, NPA 589, 633 (1995) 0 [ . 45’:‘52{ ] 0 ,f_g,l-.i-... ..........................................
45" 52 40" 145
2 _ 50 | . I 50
F2(p) _{aq9)(p) | (1 _ OxN p) L O(M,) 0 = . 20 5
- — - T [ ] : 60
FZ (79)(0) MZF? 100 | 65 . 40 65 .
150 70 i 70
} | virtual states 60 | H
~(1-0352) + o0, , 1 0
po -200 + 1 | m
@ F, R @ 93 |
. 250 | 93 - I
where o,y ~ 45 MeV, and py ~ 0.17 fm ~°. 150 200 250 300 350 400 %0 300 400 <00 €00 200

M (MeV)



Shear viscosity of a pion gas ()

® Results: Gomez Nicola & DFF, EPJC 62, 37 (2009).
,,,,,,,,,,,,,,,,,,, 1
1.2f . { By KT: n ~ M,vnl, but [ ~ .
n(0) [ ] Ol
m 1.0_— Prakash, 3rd order. o
0.8l . ThenforT < My, n,( ~VT.
[ n?, O(p*)
0.6}
[ - Kovtun, Son & Starinets, PRL 94,
0.4} _ . = ® AdS/CFT bound; "o |°”60|‘Zzog§)
02— oc0® n'\%)) unitarized O(p*) - 10 . | |
H E 0
0k, . . . . . . ... .. . .. e 0.8 s
0 50 100 150 200 :
T (MeV) :
1 0.6}
Sound attenuation length: W = Us s 1 "
. 0.4} entropy density
without ¢, :
4n 0.2}
[.~—"L —» [4(T=180MeV)~1.1 fm. |
351’ 00 e
Teaney, PRC 68,034913 (2003) 0 50 100

® Avalue /s < 0.24 is necessary to explain the current data on elliptic flow.
Romatschke & Romatschke, PRL 99, 172301 (2007)



The value of 7/s near the phase transition

® A minimum near T for a pion gas:

0.5

® Full hadron resonance gas:

1

0.4}
0.3}

0.2}

LR R R R R R RN R R R RN R R RN RN RRRRRRRER R RN RN RN AR RN RN RN RRRRRRRRRE RN L

£ |

By KT: n ~ muvnl ~ er,and s ~ n.

= 1 BT 2 1 (uncertainty principle)
S

1 . . obado anes-cstraaa
T~ T increases at high T "2 1001 200

S
" O(N?), T < M,

Arnold, Moore, & Ydffe,
O1), T— oo JHEP 001 1,001 (2000)

Large N.: (/s =4«

\

Noronha-Hostler,Noronha, & Greiner, arXiv: 081 1.1571

pions + nucleons

pions + nucleons
+ Hagedorn States (m > 2 GeV)

HRG (m < 2 GeV)
ne~ad nip)i
HRG + HS T i
O(1)



Trace anomaly, sum rules, and bulk viscosity

@ QCD trace anomaly:

related to bulk viscosity:

@ Sum rule:

@ Ansaiz: poo(w,0)

¢(T')

y B9) fa o _
O =TV = = “GuGa” + (1+~(g))aMq
_ 1. 1 i 3 iwt /[ . T ,099(%0)
¢ =g tim = [t [ de (T, (@), 7, (0)) = § lim P
0
[ o, poo(,0) 0 9 (c—3P)
1099 W, O € — 3 y
e ()" = () = (o
Kharzeev & Tuchin, JHEP 0809:093,2008 Kharsch, Kharzeev & Tuchin, PLB 663,217 (2008) <¢9>T — <T,L/LL>T —ec— 3P
2 7.0 y
_ 94- 2w0 . wO -~ 1 Gev | 6.0-(8-3pVT] Kharsch et al., 03 |
W T wo + w /vacuum energy density ool | [
- B
_ 1 T5 (9 <9>T — <9>0 | 16‘6 ‘ 4.0 ] {
dwo(T) [ or T+ U=
/ A | .
100 i :
An increase of ¢ near 7.7 i |

00 =

0.5
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Trace anomaly, sum rules, and bulk viscosity

@ There is a recent modification of the sum rule (corresponding to exchanging the
external frequency and momentum limitsS):  Romatschke & Son, arXiv:0903.3946

s W

3(c + P)(1— 3¢3) —4(c —3P) = ~ / W (@) — pT=0(w)]

® Anansatz for ps(w) — pzfzo(w) near w = 0 might miss important information from the

high-w region: pi(w) 4

w 1

Caron-Huot, PRD 79, 125009 (2009) \Z

L]
’’’’’’

® Even in \¢?, the correlation between ¢ and T IS not direct:

T'<m:

9

Jeon & Yaffe, PRD 53, 5799 (1996)

r T ~ 73/2.7,5/20—m/T { TH ~ B(\)TH
, m=0:

| ¢~ 2/ T/ \ATS ¢~ AT?log™ A



Trace anomaly of a gas of pions (15)

_ B d [P 4 )
® From the ChPT pressure: (T%,)r =T"— (T4) () oe (X0 @

6
O | O(T)
(TR, ) _
o8} T*
e | 3 OO0 O
: Gerber & Leutwyler, 89
0.4_- 8a 8b 8c 84
| O(T®) =
0.2
ﬁ G
00 400
For my = mq =
2 8 \- Y,
¢ T A 1
poyk 44 dp 1 N
(T u> = 970 FA (ln T 4> ,  Ap ~ 400 MeV . .0 | | | | | g0-32 036 040 044 048
N : (3'3PS7T4"V\ Karsch et al., 03 Y4 Tro
@ Hadron Resonance Gas vs Lattice TSR I N 2031 71 (€3p)T
, [ ]
(2+1 g’s): N 5l
HRG approximation: all the resonances in the PDB up to 2 GeV are 10l [ | 5r
included, 1026 in total, introduced as free states. . | j «— Lattice Al
1026 " Karschetal,03 301 | -
c— 3P e. — 3P, arsch et a ] al
A= = Z 1 | T, ~ 170 MeV
T4 T4 20 | Il
=1 { | T,
1026 o0 6 ) 10+ i HRSWi’[h only m, o, p i 1 1
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The role of in-medium resonances

@ Trace anomaly in the Virial Gas L e A -

Approximation (dilute gas): " o8} 00"

0.6} :
ﬁP = Z Bfl)fz + BfQ)fZQ + Z Bintgifj T ... : \ unitarized,(’)(p4) :
p 5> 0.4} /\\@(pﬂ Y

| n-1 o0 _ / .
=N -/ °
0

OO b oy — ——— Y

B(ma-tm.;) 0 100 200 300 400 500 600
. e ? J i
Bij' = —5 / dE E*K\(BE) Y (21 + 1)(2J + 1)57,4(E) T (MeV)
mai-fm; 1,J,8 6 T A AEEane

> g=3.4 ” g=3.2
N 4 4 _
s |

Therefore, we would not expect a large effect on ¢ due to o 2f 1 .
N

iIn-medium modification of the o and p resonances.

GE\ 0.4F g=3.4 + g=3.2 .
“ /
@ Bulk viscosity in the Linear Sigma Model: > /A 2]
$ o2r T P—8/7]
lo o | p_g/r]
Paech & Pratt, PRC 74,014901 (2006) (X —% N YA ARV
m 0.0 0.5 1.0 0.0 0.5 1.0 1.5

e (GeV/fm?)




Bulk viscosity of a gas of pions

@ Heat capacity and speed of sound (ChPT): @ Lattice (2+1 flavors):  chengetal, 08
0.35f ' ' ' '
P _ 0
: ‘v / 0.30F
0_3:. ; 0.25f
: 0.20f ,*,
0.2¢ 0.15—,"
01] moi€? .
: 005 e [(GeV/im?) 4 1
0.0 0.00 : : : ' :
0 0 1 2 3 4 5 6
@ Bulk viscosity (including only 2 — 2 processes): Gomez Nicola & DFF, PRL 102, 121601(2009)

o4 _

39°(0%/3 - A3y
47T2TE}%FP

03} ng(Ep)[1 +np(Ep)]
02}

0.1}

0.0l ek ke kg e X
0 50 100 150 200 250
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Bulk viscosity of a gas of pions

@ The (/s quotient near T, and the speed of sound:

0.05

0.04}
0.03}
0.02}

0.01}

0.00 Liwmser™

® (/s for the massless pion gas in KT:

C/s

0.6
0.4

0.2}

S

By KT: { ~ muvnl (% — v2)2

According to this, for the full hadron

resonance gas near 1.:

S

VSN

approximately independent of the
number of degrees of freedom

Chen & Wang, PRC 79,044913 (2009)

1 2
(T=T.)~A <§ ~ c2> ~ 0.3 > g(TC)

d°p  feq gag g3U, U
_ e 5 1 | UV | uY v
o | (273 E, [M( o)t T T T
C i _ >
_(T_Tc) 23 '
S

Even a bigger effect might come from
vertex corrections.



Conclusions

The ChPT diagramatic method presented allows to easily obtain the functional form
of transport coefficients at low 7', including the in-medium evolution of resonances.

The method can be extended to include other degrees of freedom: kaons, etas,
baryons, and the corresponding resonances.

Resonances make the quotient n/s for a pion gas fulfill the KSS bound and reach a
minimum near 7...

There are several indications that there is a maximum of the bulk viscosity near T
driven by the maximum of the trace anomaly.

Some estimations suggest that (/s might be larger that n/s near T..

Several effects contribute to a large bulk viscosity: small speed of sound, vertex
corrections, and resonances.



Backup slides



The kinetic theory approach to calculate transport coefficients 2D

® Consider a small deviation from equilibrium:  f(2,p) = feq(z,p) + 6 fout(z, p)

0 fout (T, D) = feq(x,p)[1 + feq(z,p)|0(, D)

By linearizing the transport equation with respect to ¢:

_° 1
puaﬂfeq’hn — ﬁpo[QC(’pDV U + Qn(‘p‘)ﬁiﬁja’in]fGQ(l + fGQ) ; . fea(®;p) = efruUF 1

1 d3p d3p/ d3p/
C[fl]lin — 2(27T)3f17eq/ p(2)2 p,(l)l p,02 fQ,GQ(l T f{,eq)(l T fé,eq)[gb{[ T ¢/2 T ¢1 — ¢2]

2
x 0 (p1 + p2 — py — p5) [{(ph, D1 |T|p1, p2)I* = fi1.0q Clo)

. — 2
with 81U] = (%UJ + GJUZ + g%v U .

O

Then ¢ must be of the form: ¢ = A(|p|)V - U + B(|p|)p:p;0:U,
N—— \,{

/

thermodynamic force associated

_ : thermodynamic force associated
to the bulk viscosity

to the shear viscosity

d°p expressions for the sh
1% — TN % pressions 1or the snear
oL (:13) B pY vp feq(a?,p)[l ™ fGQ(x>p)]¢($vp) * and bulk viscosities



The kinetic theory approach to calculate transport coefficients (22)

Then we can write the transport equation for each type of deviation from equilibrium
symbolically as: Amold, Moore & Jaffe, JHEP 11,001 (2000)  Armold, Dogan & Moore, PRD 74, 085021 (2006)

some set of indices
S*=C[x"], and 7, ¢ o (S*x*)

/ \

corresponding deviation
source from equilibrium

@) @)

where  Sii = _Tq, (|p|)pp7 foq(1 + feoq) » X5 = p'p7 B(|p))
Sc = —Tqc(Ip|) feq(L + feq) s xc = A(lp])

Lo =5 [ 5 1w

. P .
Finally, 0= = (S,IC71S,) ¢ = (SclC7HISe) -



Shear viscosity in \¢* (23) .

: : Jeon, PRD 52,3591 (1995)
® Bubble diagrams can be easily resummated:

— Y(0)

Jeon & Yaffe, PRD 53, 5799 (1996)

because of rotational invariance (V,,;(f ) = 0;p0; ¢ + %5ijak¢ak¢).

® The resummation of ladder diagrams instead implies to solve an integral equa-

tion:
F
vv< — "‘"C< 4 %
M
% Y(0) %

V) =YY LYY, K= MF. n=-— lim lim VOIFWV[1+0ON)].

w—07 [p[—0T




Bulk viscosity in \¢*

_ Jeon, PRD 52,3591 (1995)
® For ¢, bubble diagrams cannot be neglected:

Jeon & Yaffe, PRD 53,5799 (1996)

s and VO ~ O\

* Because the real part of a bubble does not contain pinching poles.

® In this case, the resummation of ladder diagrams involves more complicated

rungs: r

w—07 [p[—0T

O — + 4+ + C 3 lim lim (VOF|V >[—|—(9()\)]

0Mn (contribution from number-changing processes)



Equivalence between the diagramatic and the KT approaches (25

Jeon, PRD 52,3591 (1995) Jeon & Yaffe, PRD 53,5799 (1996)

® Consider for instance A\¢*. For T >> m, apparently the KT treatment is not

applicable: 1
lfree ™ ? 5 lCompton (T — O)

® However, for a weakly coupled theory, at an arbitrary temperature there is an

effective KT description:
1 1

~ o lCompton(T) ~ W

l ree
tree N2
* Essentially, one identifies A and B in the KT description with the effective ver-
tices of the diagramatic analysis, and the rung with the collision operator C.

* |n the dispersion relation of the effective quanta enters the thermal mass in-
stead of the vacuum mass.

* Scattering amplitudes are evaluated using thermal propagators.

dgp anth
* HV — THV _ UV TTRTTV 2 .




Zero modes and particle-number changing processes

Jeon, PRD 52,3591 (1995) Jeon & Yaffe, PRD 53,5799 (1996) Arnold, Dogan & Moore, PRD 74,085021 (2006)

® In order to calculate a transport coefficient, we need to invert the collision operator:
n,¢ oc (SICTHS).

® ( has one exact zero mode corresponding to energy conservation, |E), and an approx-
imate one, | Ny), corresponding to the particle-number conserving terms in C. This is not
important for n (because (Ey, Ny|S,,) = 0), but it is for ¢:

* |F,) is not problematic, we simply consider the vector space orthogonal to it (since
|Ey) is not actually a departure from equilibrium).

* Since C is hermitian, let’s consider an orthonormal basis of eigen-states:

|X> — ZXn‘fn>= with |f0> — |NO>

L ! ¢

_ 5—1 _ C—1ag¢ _ ¢ ¢4 S
C o (Sclx) = (SclC™IS¢) ;Sncn Sy ;Sncnswso 500 (0~ changing) >0

T T

with C,, = C,,(cons) + dC,,(n — changing). It dominates in It dominates in
QCD at high 7. Ag™ atany T.




A study of the sigma resonance by the Bethe-Salpeter equation

. Cabrera, Gomez Nicola, & DFF, EPJC 61 879 (2009).
® Bethe-Salpeter equation: abrera, Gomez Nicola ) (2009)

X >@<+ @0.

kernel Lo
Factorization on the mass shell in vacuum: T=[1-VG] 'V .
N
\\ /’ \\ TN ,’ \\ s TS ,’ S (\, P “:\Z -7
® Finite temperature: ¢ + X k< + X X X Ha, Tawm” 3¢
/ \~ ,, S= \\ /, S S - \\ ’¢’ \~~ ¢¢’ \~~
(channels ¢ and u absent) \ (we add tadpoles)
pionic lines thermal propagators

baryonlc lines (NN~1 or AN~ )

® Finite baryon density: :x x’ «é_ ,‘< + Q Q

The factorization on the mass shell is also fulfilled at
0(0) 0(p) 0(p?) finite temperature and density.

RN PRGN Q { }
Pion self-energy: & s« »
<>—



A study of the sigma resonance by the Bethe-Salpeter equation

- Im T00

® Finite temperature results:
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Electrical conductivity of a pion gas

® Definition: j' = oE"

ext

® Kubo’s formula:

1 . 9ps(q°,q)
oc=——= lim lim
6 ¢O—0+ |g|—0+ OqY
® Results:
co5pH—n—""7"—""—-"F7-—"+—+——7————
L o(0) Z
0.04} Mx :
0.03 _ T-unitarized O(p?) _
unitarized O(p?)
002' \&* .
OO1:_un1t O(p?), Fr =5 2 ;;;;; **-:
: _ R 4 _
TR oo z
oooLb0— o~ . ... treeseean
0 20 100 150 200 250

T (MeV)

electric current

v

. peld’,q) = lei/d% e O(t)([Ji(x), J*(0)]) -

According to Kkinetic theory: o ~

62nch7'

M

,out7 ~1/I'yand I' ~ nvo .

For T < My, n ~ (M,T)3/2e M=/T,

v~ +/T/M,, and o, is a constant, =

le/\/T. v
2F4
T< M. : @ ~15 57
171/2‘]\475;)/2



Thermal conductivity of a gas of pions

enthalpy per particle

2
® Definition: 70 — ANt = /fT—c‘?i (ﬁ) /
\ h ;T =T _ BLN*

® Kubo’s formula:

v= 9 m gim %P9 0.(¢°,q) = 2Tmi / d*z e 70(8)([T;(x), TH(0)]) .

6 ¢°—0+ |q|—0* dq"

® Results:

/ﬁ)(o) 1.4 :_I S PI:akaISh,l?)rdl or(l],epl . N I—: From KT K~ T_l(é — h)l”U

72 ! 0 - 4 _ ® :

MW-|.2:_ x <= £, unit. O(p*), Fr = 50 MeV \ ForT < M., e~ M_, h ~ 5T/2_|_Mm
Of | =k ~TY2
| T1/2F4
6f T< M, : 9 ~63 3
At M-
00— ""B0 100 150 200



