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NRQCD factorization formula
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Treatment in detail



Motivations

(1)  NLO relativistic corrections are extremely large 

It needs to check the convergence of relativistic expansion



Motivations

(2)  There exists double IR divergence. 

It is interesting and technically challenging to cancel the IR 
divergence and obtain a IR-independent decay rate

The two gluons 
become soft
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NRQCD factorization formula

Scales in quarkonium.       signifies the typical velocity in 
quarkonium



NRQCD factorization formula

长距离矩阵元
a.描述正反夸克对演

 变成色单态强子过程
b.按v展开的。
c.通过非微扰途径得

 到，比如势模型、格
点QCD、或者通过实

 验匹配

NRQCD
factorization

短距离系数
a.描述正反重夸克对

 产生或湮灭的过程

b.按照耦合常数展开

c.是微扰可算的，

NRQCD因子化公式是按αs 和v双重展开



The factorization formula for



The factorization formula for

relative order 



Matching precedure

Through perturbative process  



Matching precedure
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Perturbative NRQCD matrix elements

= 1



Perturbative NRQCD matrix elements



Perturbative NRQCD matrix elements

From loop integration

Extracting S wave



Perturbative NRQCD matrix elements



Perturbative NRQCD matrix elements

Summing all the contributions

Renormalization to cancel the UV divergence



Determining short-distance coefficients



Numerical results

Ratios of short distance coefficients



Numerical results

Ratios of short distance coefficients

The relativistic corrections 
rise rapidly with increase 
of r 



Summaries

(2) The relativistic expansion for color-singlet contribution 
converges very well 

(3) Through extrapolating the mass ratio of charm quark to bottom 
quark, we find the relativistic corrections rise rapidly with increase 
of the ratio.

(1)  The IR divergence appeared in matching precedure can be 
canceled through color-octet mechanism. It needs to carefully 
carry out the renormalization. 



谢 谢！
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