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Propaganda

(Model-independent)

1. Nuclear reactions involving few-N

2. Electro-weak probes

3. Nuclear structure of light nuclei

QCD

Chiral effective field theory

Nuclear physics



What are we really doing?

Modify power counting of NN 
contact interactions, so as%
!
(1) to satisfy renormalization 
group invariance;%
!
(2) to better understand how 
much of nuclear physics is 
decided by short-range 
interactions as opposed to 
chiral symmetry.%
!
(3) generate a potential for low-
energy nuclear physics



unconventional cutoff flows
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FIG. 1: Fit result for the counterterm cs as a function of the cutoff, and the resulting cutoff dependence of the 1S0 phase shifts
at laboratory energies of 10 MeV (solid line), 50 MeV (dashed line), 100 MeV (dotted line), and 190 MeV (dash-dotted line).
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FIG. 2: Fit result for the counterterm ct as a function of the cutoff, and the resulting cutoff dependence of the 3S1-3D1 phase
shifts and the mixing angle ε1 at laboratory energies of 10 MeV (solid line), 50 MeV (dashed line), 100 MeV (dotted line), and
190 MeV (dash-dotted line).

1) and 3P2-3F2 channels (i = 2) of the form

Vi =
1

4

ci

(2π)3
p′p , (9)

which in Weinberg’s power counting appear only at next-
to-leading (NLO) order, or O(Q2). The first D-wave
counterterms are supposed to be of even higher order:

N3LO, or O(Q4). In the 3D2 channel, we use

Vd =
cd

(2π)3
p′

2
p2 . (10)

Fig. 10 shows our result for the 3P0 partial wave. The
value of c1 was determined by a fit of the phase shift
for a laboratory energy of 50 MeV. Since the size of the
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Fig. 10 shows our result for the 3P0 partial wave. The
value of c1 was determined by a fit of the phase shift
for a laboratory energy of 50 MeV. Since the size of the

physics is RG invariantcontact coupling sensitive to cutoff



D. Kaplan  INT  6/5/09

• Expand NN potential in 
chiral perturbation theory

• Sum up:

Weinberg method:

Procedure implemented to NNNLO by 

Epelbaum et al. 
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Renormalization of Sch. eqn.

❖ Cutoff dependence of resummed amplitudes was not addressed in W counting 
--- Need to consider renormalization of the Sch. eqn.
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Effective field theory

EFT Effective

Lagrangian= + Power


Counting

✤ a priori estimation of  
Feynman diagrams

✤ Low-energy Dofs%
✤ Symmetries

(Organization principle)

✤ Normally need to be regularized to cutoff high momentum modes%
✤ However, obs. independent of cutoffs — renormalization group 
invariance



Why EFT for nuclear physics

M =
X

n

✓
Q

M
hi

◆
n

F
n

✓
Q

M
lo

◆

Controlled approximations of low-energy observables

Q: generic external momenta,

M
lo

= m
⇡

, f
⇡

⇠ 100MeV

Mhi = ⇤SB ,m⇢, · · · ⇠ 1GeV

✤ Respect all QCD symmetries%
✤ A good strategy to fit a large number of parameters%
✤ Can estimate theoretical errors



Power counting of pion-exchanges

Irreducible pion-exchanges diagrams:%

Represent long-range NN potentials%

Dictated by chiral symmetry

p.c. of non-analytic parts%
pion line --- 1/Q^2%

nucleon line --- 1/Q%
loop integral --- Q^4

“irreducible” box

Weinberg (1990, 1991)



( )E. Epelbaum et al.rNuclear Physics A 671 2000 295–331300

e contain one free parameter each. Of course, we have to account for the channel1
coupling in the mixed triplet partial waves. It is also important to note that once the
C have been determined, the original C ,C ,C , . . . ,C are fixed uniquely. We2 sq1, l, j S T 1 7
remark that the values for the C are renormalized quantities, see Appendix A.2 sq1, l, j
Consider now OPEP and TPEP. After vertex and coupling constant renormalization,

as detailed in Appendix A, we find the following expressions in terms of the renormal-
ized quantities at NLO:

2g s Pqs PqA 1 2OPEPV sy t Pt , 2.11Ž .1 2 2 2ž /2 f q qMp p

t Pt1 2TPEP 2 4 2V sy L q 4M 5g y4g y1Ž . Ž .NLO p A A2 4 ½384p fp

48 g 4M 4
A p2 4 2qq 23g y10g y1 qŽ .A A 2 2 54M qqp

3g 4A 2y L q s Pqs Pqyq s Ps qP k ,q , 2.12Ž . Ž . Ž .$ 41 2 1 22 464p fp

with

2 2(4M qq qq1 p2 2(L q s 4M qq ln , 2.13Ž . Ž .pq 2Mp

< <and we have set q' q . Furthermore, f s93 MeV is the pion decay constant,p

M s138.03 MeV the pion mass and g s1.26 for the axial-vector coupling.6 Further-p A
Ž .more, P k,q is a polynom in momenta of at most second degree and has the same

Ž .structure as the expressions in Eq. 2.2 . More precisely, after performing the partial
Ž . Xdecomposition, P k,q leads in each partial wave to polynoms in p and p of at most

second degree. Thus, its explicit form is of no relevance here, since it only contributes to
the renormalization of the couplings C ,C ,C , as detailed in Appendix A. The TPEPS T i
agrees with the one given by the Munich group. It is important to stress the differences

w xto the calculation of Ref. 9 . While there the potential was treated perturbatively, we
Ž .iterate it to all orders in a Lippmann–Schwinger LS equation. Second, we use a cut-off

regularization within the LS equation and not dimensional regularization on the level of
the diagrams. Of course, for the peripheral partial waves, the iteration is not of
importance. We are, however, more ambitious in that we want to get a description of all

Ž .partial waves as well as of the bound state deuteron properties. The TPEP at NNLO

6 Note that we have changed our conventions as compared to I for the pion decay constant, the isospin
generators and the relative momentum q.

( )E. Epelbaum et al.rNuclear Physics A 671 2000 295–331300

e contain one free parameter each. Of course, we have to account for the channel1
coupling in the mixed triplet partial waves. It is also important to note that once the
C have been determined, the original C ,C ,C , . . . ,C are fixed uniquely. We2 sq1, l, j S T 1 7
remark that the values for the C are renormalized quantities, see Appendix A.2 sq1, l, j
Consider now OPEP and TPEP. After vertex and coupling constant renormalization,

as detailed in Appendix A, we find the following expressions in terms of the renormal-
ized quantities at NLO:

2g s Pqs PqA 1 2OPEPV sy t Pt , 2.11Ž .1 2 2 2ž /2 f q qMp p

t Pt1 2TPEP 2 4 2V sy L q 4M 5g y4g y1Ž . Ž .NLO p A A2 4 ½384p fp

48 g 4M 4
A p2 4 2qq 23g y10g y1 qŽ .A A 2 2 54M qqp

3g 4A 2y L q s Pqs Pqyq s Ps qP k ,q , 2.12Ž . Ž . Ž .$ 41 2 1 22 464p fp

with

2 2(4M qq qq1 p2 2(L q s 4M qq ln , 2.13Ž . Ž .pq 2Mp

< <and we have set q' q . Furthermore, f s93 MeV is the pion decay constant,p

M s138.03 MeV the pion mass and g s1.26 for the axial-vector coupling.6 Further-p A
Ž .more, P k,q is a polynom in momenta of at most second degree and has the same

Ž .structure as the expressions in Eq. 2.2 . More precisely, after performing the partial
Ž . Xdecomposition, P k,q leads in each partial wave to polynoms in p and p of at most

second degree. Thus, its explicit form is of no relevance here, since it only contributes to
the renormalization of the couplings C ,C ,C , as detailed in Appendix A. The TPEPS T i
agrees with the one given by the Munich group. It is important to stress the differences

w xto the calculation of Ref. 9 . While there the potential was treated perturbatively, we
Ž .iterate it to all orders in a Lippmann–Schwinger LS equation. Second, we use a cut-off

regularization within the LS equation and not dimensional regularization on the level of
the diagrams. Of course, for the peripheral partial waves, the iteration is not of
importance. We are, however, more ambitious in that we want to get a description of all

Ž .partial waves as well as of the bound state deuteron properties. The TPEP at NNLO

6 Note that we have changed our conventions as compared to I for the pion decay constant, the isospin
generators and the relative momentum q.

( )E. Epelbaum et al.rNuclear Physics A 671 2000 295–331300

e contain one free parameter each. Of course, we have to account for the channel1
coupling in the mixed triplet partial waves. It is also important to note that once the
C have been determined, the original C ,C ,C , . . . ,C are fixed uniquely. We2 sq1, l, j S T 1 7
remark that the values for the C are renormalized quantities, see Appendix A.2 sq1, l, j
Consider now OPEP and TPEP. After vertex and coupling constant renormalization,

as detailed in Appendix A, we find the following expressions in terms of the renormal-
ized quantities at NLO:

2g s Pqs PqA 1 2OPEPV sy t Pt , 2.11Ž .1 2 2 2ž /2 f q qMp p

t Pt1 2TPEP 2 4 2V sy L q 4M 5g y4g y1Ž . Ž .NLO p A A2 4 ½384p fp

48 g 4M 4
A p2 4 2qq 23g y10g y1 qŽ .A A 2 2 54M qqp

3g 4A 2y L q s Pqs Pqyq s Ps qP k ,q , 2.12Ž . Ž . Ž .$ 41 2 1 22 464p fp

with

2 2(4M qq qq1 p2 2(L q s 4M qq ln , 2.13Ž . Ž .pq 2Mp

< <and we have set q' q . Furthermore, f s93 MeV is the pion decay constant,p

M s138.03 MeV the pion mass and g s1.26 for the axial-vector coupling.6 Further-p A
Ž .more, P k,q is a polynom in momenta of at most second degree and has the same

Ž .structure as the expressions in Eq. 2.2 . More precisely, after performing the partial
Ž . Xdecomposition, P k,q leads in each partial wave to polynoms in p and p of at most

second degree. Thus, its explicit form is of no relevance here, since it only contributes to
the renormalization of the couplings C ,C ,C , as detailed in Appendix A. The TPEPS T i
agrees with the one given by the Munich group. It is important to stress the differences

w xto the calculation of Ref. 9 . While there the potential was treated perturbatively, we
Ž .iterate it to all orders in a Lippmann–Schwinger LS equation. Second, we use a cut-off

regularization within the LS equation and not dimensional regularization on the level of
the diagrams. Of course, for the peripheral partial waves, the iteration is not of
importance. We are, however, more ambitious in that we want to get a description of all

Ž .partial waves as well as of the bound state deuteron properties. The TPEP at NNLO

6 Note that we have changed our conventions as compared to I for the pion decay constant, the isospin
generators and the relative momentum q.

Power counting of pion-exchanges

Weinberg p.c. is right about pion-exchanges%

UV div. will be accounted for when NN contact interactions are 

considered%

So, what about p.c. of NN contact interactions

1-pion exchange

2-pion exchange

V OPE

V TPE
⇠

✓
Q

4⇡f⇡

◆2Epelbaum, et al. (1999)



Dr. W’s prescription:

NDA for contact interactions

D. Kaplan  INT  6/5/09

• Expand NN potential in 
chiral perturbation theory

• Sum up:

Weinberg method:

Procedure implemented to NNNLO by 

Epelbaum et al. 

V

V V

VV V

V

+

+

+. . .

=

Friday, June 5, 2009

Derivatives on short-range couplings always suppressed 
by Mhi : naive dimensional analysis (NDA) 

g2A
4f2

⇡

"
C̃0 +

C̃2

M2
hi

(p2 + p0
2
) + · · ·

#

C0, 2 : dimensionless ~ O(1)

S-wave short-range pot.

What’s wrong w/ NDA?



An overlooked infrared scale
Strength of OPE provides an infrared scale

Iterated OPE ⇠
✓
g2A
f2
⇡

Q2

Q2 +m2
⇡

◆2
mNQ

4⇡
⇠ OPE

Q

MNN

OPE ⇠ g2A
f2
⇡

Q2

Q2 +m2
⇡

varies for different partial waves
MNN = 100 ⇠ 300MeV

MNN , though part of pion-exchange, can change the scaling of short-

range interactions through renormalization%

Therefore, NDA is no longer powerful in counting contact interactions, 

because there are now two mass scales: Mhi and MNN%

Renormalization is the reason to upset NDA
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❖ However, cutoff dependence of resummed amplitudes was not addressed in W 
counting --- Need to consider renormalization of the Sch. eqn.
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cutoff

Schrodinger 
eqn.



Cutoff dependence of W counting
Nogga, Timmerman & van Kolck (2005)

RENORMALIZATION OF ONE-PION EXCHANGE AND . . . PHYSICAL REVIEW C 72, 054006 (2005)
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FIG. 8. Binding energies of the spurious bound states in selected
attractive triplet channels, before the introduction of the required
counterterms.

at other energies are cutoff independent for ! >∼ 8 fm−1.
Figures 11 and 12 summarize the analogous results for the
3P2-3F2 and 3D2 partial waves, respectively. The fits were
performed using the 3P2 phase shift at 50 MeV and the 3D2
phase shift at 100 MeV. We confirm the cutoff independence
(for large !) in all phase shifts and mixing parameters.

An alternative to absorbing the cutoff dependence in
the various P waves individually would be to employ one
counterterm with tensor structure. Unfortunately, we have not
been able to implement this idea without introducing cutoff
dependence in the 3P1 wave.

After removing the cutoff dependence by adding appro-
priate counterterms, we still find spurious bound states in
the 3P0,

3 D2, and also the 3S1-3D1 channels. However, the
cutoff dependence of the binding energies is now completely
different, as shown in Fig. 13. As desired, only 3S1-3D1 has a
shallow bound state, the deuteron, which is cutoff independent
over almost the entire ! range; the deuteron binding energy is
predicted to be 1.92 MeV in this LO calculation. The bound
states in the other channels are all very deep. A new bound
state appears with infinite binding energy around the cutoff
at which the corresponding counterterm is singular, and then
approaches a constant, large binding energy for increasing !.

These bound states are beyond the range of the EFT, and they
are irrelevant for the low-energy physics.

With the added counterterms, we obtain a very decent
description of the phase shifts. Figure 14 shows that our 3P0
result follows the energy dependence of the Nijmegen PWA
remarkably well. Obviously, the addition of the counterterm
is here supported by the experimental data. In the coupled
3P2-3F2 channels the agreement with the PWA below 50 MeV
is still satisfactory. We emphasize that the 3F2 phase and
the mixing parameter ε2 are predictions. Choosing a high
cutoff ! clearly does not compromise the description of these
observables

For the 3D2 phase (see Fig. 15), we find again a good
agreement with the PWA. Here, we also included the prediction
based on a calculation without a counterterm, for ! =
8.0 fm−1 in the plateau region of Fig. 9. For low energies below
50 MeV, the results are comparable. The deviations from the
PWA become significant toward higher energies, where the
plateau seen in Fig. 9 is more and more tilted. For these higher
energies, the counterterm again improves the predictions.

Our overview is completed in Figs. 15 and 16 with the
3D3-3G3,

3 F4-3H4, and 3G4 channels. In these partial waves
there is a relatively small cutoff dependence in the ! range
that we studied (although presumably cutoff dependence will
become significant at cutoffs high enough to bring in spurious
bound states). In all cases the agreement with the PWA is
improved when we increase the cutoff from the traditional
values around 2.5 fm−1 [16] to our higher values. This is
especially true for the 3D3 partial wave, which, for our higher
cutoffs, becomes attractive for higher energies.

After these encouraging results, we examine the 3N bound
state in the next section.

IV. THREE-NUCLEON BOUND STATE

The power of EFT comes to bear when more nucleons
are considered. The 3N system is the first extension to
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E.g., 3P0

A singular attractive potential needs 
a counterterm –– 4-nucleon 
operator acting in 3P0 partial wave

A derivative coupling not suppressed!
Solid: Tlab = 10 MeV, dashed: 50 MeV

Very large cutoffs were used to illustrate the cutoff 
dependence, but we don’t insist on using them in practical 
calculations once power counting is established.



LO        OPE

O(Q)

O(Q^2)        TPE0         C2 p^2

O(Q^3)        TPE1

O(Q^4)         3PE           C4 p^4 

WPC for 3P0
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FIG. 2. (Color online) With the subleading counterterms (8), the
O(1), O(Q2), and O(Q3) 3P0 EFT phase shifts as functions of the
momentum cutoff at Tlab = 40 (a), 80 (b), and 130 (c) MeV.

where the phase shifts are plotted as functions of ! at given
Tlab.

In Fig. 3, the EFT phase shifts are plotted as function of
energy. The fit is refined by employing more PWA points
(Tlab = 25, 50, 75, and 100 MeV) in the fitting procedure. We
see that both O(Q2) and O(Q3) are in good agreement with
the PWA.

Although the perturbative treatment of WPC does not lead
to cutoff independent results, the nonperturbative treatment
does seem to fulfill RG invariance [17]. It is therefore instruc-
tive to compare the following three scenarios for 3P0: (i) the
perturbative (Pert-CD) and (ii) nonperturbative calculations
with the modified power counting (8) (Iter-CD), and (iii) the
nonperturbative calculation with WPC (Iter-WPC).

Shown in Fig. 4 are the 3P0 phase shifts calculated at O(Q3)
with the aforementioned three schemes, where the fit of C3P0

and D3P0 in Eq. (8) is performed with the PWA inputs up to
Tlab = 50 MeV. At the lower end of cutoffs (as exemplified by
! = 400 MeV), the three curves differ drastically from each
other above Tlab = 50 MeV, with the Pert-CD curve agreeing
somewhat better with the PWA. As the cutoff goes higher
(exemplified by ! = 1200 MeV), the difference between Iter-
CD and Iter-WPC becomes smaller and eventually vanishes, in
accordance with the finding of Ref. [25]. We note that this does
not necessarily mean that the fitting drives D3P0 to 0. Rather,
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FIG. 3. (Color online) With the subleading counterterms (8) and
the improved fitting procedure, the 3P0 EFT phase shifts at O(Q2)
and O(Q3) as function of Tlab for ! = 1500 MeV.
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FIG. 4. (Color online) The 3P0 phase shifts by Iter-CD, Pert-CD
and Iter-WPC as functions of laboratory energy. (a) is plotted with
! = 400 MeV and (b) with ! = 1200 MeV.

the quality of the fit is not sensitive to D3P0!
2/C3P0 when the

ratio is tuned from 0 to 1.
In summary, we conclude:
(i) WPC does not accommodate a cutoff independent T -

matrix at O(Q2) or O(Q3) when subleading potentials
are treated as perturbations on top of the LO.

(ii) RG invariance can be achieved by the modified power
counting (8), based on modified naive dimensional
analysis. This suggests that −1/r2, the LO long-range
potential in the model of Ref. [12], is not crucial for
NDA to be applicable.

(iii) At O(Q3), Iter-CD, Pert-CD and Iter-WPC show that
in a limited range of cutoffs these three approaches
produce similar phase shifts for 3P0, a conclusion
similar to that of Refs. [17,18]. While it is instructive,
we refrain from drawing the same conclusion for other
channels; it may well be that the “common” window
of cutoffs appears at different location for different
channels.

A simultaneous, coordinate-space calculation in Ref. [11]
has come to our attention. The conclusion drawn there for 3P0
agrees with ours, that is, in agreement with NDA. However,
Refs. [10,11] concluded a proliferation of six counterterms
in each of the coupled channels, 3S1 − 3D1 and 3P2 − 3F2,
whereas NDA suggests three once WPC is corrected at LO. We
defer to a further momentum-space calculation of the triplet
channels [26] that are subject to the singular attraction of OPE
to investigate whether NDA or the conclusion of Refs. [10,11]
on the coupled channels can be verified.
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valuable support. We are grateful for hospitality to the National
Institute for Nuclear Theory (INT) at the University of Wash-
ington and the organizers of the INT program “Simulations and
Symmetries: Cold Atoms, QCD, and Few-hadron Systems”,
at which the work was initiated. This work is supported by the
US DOE under Contract Nos. DE-AC05-06OR23177 (Bw.L.),
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TABLE I. Power counting for pion exchanges and S- and P -wave
counterterms up to O(Q3). p (p′) is the magnitude of the center-of-
mass incoming (outgoing) momentum. The two-by-two matrices are
for the coupled channels.

O(1) OPE, C1S0
,
! C3S1

0
0 0

"
, C3P0

p′p,
!C3P2

p′p 0
0 0

"

O(Q) D1S0 (p′2 + p2)

O(Q2) TPE0, E1S0
p′2p2,

! D3S1
(p′2 + p2) ESD p2

ESD p′2 0
"
,

D3P0
p′p(p′2 + p2), p′p

!D3P2 (p′2 + p2) EPF p2

EPF p′2 0
"
,

C1P1p
′p, C3P1p

′p

O(Q3) TPE1, F1S0p
′2p2(p′2 + p2)

the O(Q3) counterterms have the following structure:

⟨1S0|V (3)
S |1S0⟩ = C(3) + D(2)

2
(p′2 + p2) + E(1)p′2p2

+ F (0)

2
p′2p2(p′2 + p2). (38)

The numerical implementation of O(Q3) for 1S0 is currently
being worked on and will be reported in later publications.
Summarized in Table I is our power counting for the
two-nucleon sector in both singlet and triplet channels for S
and P waves.

We scrutinize WPC with a more stringent interpretation
of RG invariance: not only should the cutoff dependence
become vanishingly small for ! ! Mhi, but it must vanish
sufficiently fast so that the accuracy claimed by the power
counting is consistent with the cutoff error. This leads to
a crucial conclusion in our analysis that, contrary to WPC,
O(Q) of the EFT expansion does not vanish. Instead, O(Q) is
made of one insertion of the two-derivative 1S0 counterterm:
D/2(p′2 + p2). Although we are not the first to propose this,
our argument, that the cutoff error of the LO amplitude is
one order lower than TPE0 and has to be corrected by the D
term alone, provides some new insights. For instance, unlike
Ref. [7] (also discussed later in Ref. [47]), our rationale is
a priori and does not rely on the numerical value of D in a
particular renormalization scheme.

A full, nonperturbative RG analysis, with OPE as the
only long-range force, of the counterterms was attempted
in Refs. [11,20], in which it was also concluded that the
D counterterm is more important than TPE0. Although
the nonperturbative RG analysis appears to be free of any
guesswork for obtaining power counting, the robustness of the
conclusions of Refs. [11,20] is obscured by the assumptions
made therein to derive and solve the RG equation. On the
other hand, our approach can be viewed as the explicit,
order-by-order examination of an ansatz—the proposed power
counting—to the RG equation. If RG invariance can be shown
to hold at all orders, which we could not rigorously achieve
though, we cannot think of any reason why the proposed
power counting could not be one of the solutions to the RG
equation. In other words, we think that there may be more

than one RG-invariant power counting, and only the data or
the underlying theory can tell which one is more efficient.

It is instructive to compare the power counting of 1S0 with
that of the attractive triplet channels. A nonvanishing O(Q)
arising in 1S0 but not in the triplet channels has everything to
do with the fact that OPE is regular (1/r) in 1S0 but singular
(1/r3) in the triplet channels. It is interesting that the singular
attraction of OPE costs a few more LO counterterms in the
attractive triplet channels (e.g., 3P0 and 3P2 − 3F2) but in the
meantime it avoids the pionless-theory-like proliferation of
subleading counterterms.

The distorted-wave enhancement to the singlet-channel
short-range forces occurs in only S wave (1S0), and it affects
the power counting to a lesser extent than that of the residual
counterterms. In contrast, the distorted-wave enhancement in
the attractive triplet channels takes place in higher partial
waves (3P0, 3P2 − 3F2, etc.) but not in S wave, and it plays
more important role in power counting than the residual
counterterms.
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APPENDIX A: LO WAVE FUNCTION

With the regularized LO potential, the S-wave radial wave
function is well defined at the origin and can be written as

ψk(r) = ψk(0)φk(r), (A1)

where φk(r) is the regular solution in the sense φk(r) →
j0(kr) as r → 0, with j0(ρ) being the zeroth spherical Bessel
function.

With regularization, #VY (r)—the Fourier transform of
VY (q)—becomes relatively flat on the inside while it resumes
the Yukawa form on the outside. The LO contact potential,
V

(0)
S , is smeared inside and vanishes outside. This means that

the inside wave function is largely decided by C(0)(!) and !,
whereas the outside part is dominated by a combination of the
irregular [Hk(r)] and regular [Jk(r)] solutions to the Yukawa
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Summary and outlook

RG invariance demands modifying Weinberg’s scheme: Some of 

the NN contact operators need promotions%

Need to produce a new potential%

Need to look at few-nucleon sector and electroweak reactions: 

Can we solve the “Ay puzzle” with the new potential?


